In Baccarat, the gambler can bet on either the Player or Banker. The only gambler's strategy is to consider the previous winning history on the round. The winning probabilities of Player or Banker are calculated by simulation using R. Conditional winning probabilities given that Player or Banker has won i consecutive times are also calculated by simulation. Conditional winning probability implies that the sequence of Baccarat results is an almost independent sequence of events. It has been shown that the total amount of returns in each round of games is almost identical to a random walk. Thus, one possible strategy is to catch the trend(the Player or the Banker) of the random walk and to bet on that side of the trend.
Introduction to Baccarat

How to play Baccarat
Baccarat is a glamorous game with flexible limits, where the gambler decides to bet on Player(Note, Player does not mean the gambler) or Banker. The one which has the higher score, will be the winning hand. The minimum score is 0 and the maximum score is 9. There are various types of Baccarats, such as chemin-de-fer, baccarat-banque and punto banco. Among them punto banco is the most frequently played game. In this paper only punto banco is considered, and its playing method and rules are explained in the following subsection. More details about the game can be found in Baccarat (2000 Baccarat ( , 2010 , and Tutorial-How to play Baccarat (2001) .
If Player has an initial total of 0-5, a third card is drawn. If Player has an initial total of 6 or 7, it stands.
• Banker's rule − If Player stands(i.e., has only two cards), Banker regards only his own hand and acts according to the same rule as the Player. That means a third card is drawn if Banker has 0-5 and it stands if Banker has 6 or 7.
− If Player draws a third card, Banker acts according to the following more complex rules: * If Player draws a 2 or 3, Banker draws if it has 0-4, and stands if it has 5-7. * If Player draws a 4 or 5, Banker draws if it has 0-5, and stands if it has 6-7. * If Player draws a 6 or 7, Banker draws if it has 0-6, and stands if it has 7. * If Player draws an 8, Banker draws if it has 0-2, and stands if it has 3-7. * If Player draws an ace, 9, 10, or picture card, Banker draws if it has 0-3, and stands if it has 4-7.
The croupier will deal the cards according to the tableau and the croupier will announce the winning hand, either Player or Banker. Losing bets will be collected and the winning bets will be paid according to the rules of the house. Usually, winning bets on the Player are paid at even money and winning bets on Banker are paid 0.95 of the amount bet, a 5% commission is paid to the house (Commission Baccarat). For 'No Commission Baccarat' game, all winning bets on Banker are paid even money with one EXCEPTION when Banker wins with hand 6. In that case 50% commission is paid to the house. (For example: $100 winning bet on Banker will earn you $50). However, if both Banker hand and Player hand have the same points at the end of the deal, it is a 'Tie' or 'Draw' game. All bets on Tie will be paid at 8 to 1 odds and all bets on Player and Banker remain in place and active for the next game (the gamer may or may not be able to retract these bets depending on casino rules).
So Baccarat is strictly a game of chance, with no skill or strategy involved; each player's moves are forced by the cards the player is dealt. In this paper we will examine this game from a probabilistic point of view through simulation.
Examples of studies of the Baccarat game in the literature are Kemeny and Snell (1957) , Walden (1966, 1973) and Dowonton and Lockwood (1975, 1976) where some Baccarats with different rules to punto banco are studied, such as chemin-de-fer, baccarat-banque. But in this paper we consider punto banco only.
Simulation Using R
Outline
We use the open source and free software R to do the simulation of Baccarat. In this simulation, based on that the game starts with 8 decks of shuffled cards and ends when the number of the cards is less than 52, we call it a 'round'. Each game in a 'round' is called a 'play'.
We will stand in the perspective of Player: if we say 'win', it means Player wins and 'lose' means Player loses and the Banker wins.
The algorithm of generating all score pairs of Player and Banker is shown in Figure 1 .
x: is a randomly ordered vector consisted with 32 number of 1's to 9's and 128 number of 0's. lim: denotes the upper limit of the cards which can be used in one round. It is defined as 52 × 8 − res, where res is at least how many cards should be left in a round.
mat: is a matrix with two columns used to store all the paired scores gotten in one round. 
The unbiased estimator of p w isp
Because p w is unknown, so we usep w instead, The results mean that in one play the probability of win for Player is about 0.44539098, the probability of lose for Player is about 0.45932556, the probability of tie is about 0.09528346.
When betting on Player or Banker, the 'Tie' outcomes will not earn or lose you any money, so we can ignore the 'Tie' outcomes in this situation. The simulation results with 'Tie' omitted are shown in Table 2 .
The simulation results show that if bet on Player, the average probability of win is about 0.4922989, the standard error is 0.0006114399, 95% CI is: (0.4911005, 0.4934973). The average probability of lose is about 0.5077011, the standard error is 0.0006114399, 95% CI is: (0.5065027, 0.5088995). The average probability of Tie is 0.09528346, the standard error is 0.0003415518, 95% CI is: (0.09461402, 0.0959529). 
Expected return per play
Using the estimated probabilities in the previous section, we can calculate the expected return per Play(ERP) easily. Here we assume the bet on each play is 1. If bet on Player, the ERP is calculated as
If bet on Banker
• for commission Baccarat the ERP is calculated as ERP = 0.95 * 0.5077011 − 0.4922989 = −0.009982855.
• for no commission baccarat, the ERP is about −0.0144231(calculated through simulation).
If bet on Tie, the ERP is calculated as
We can note, all the expected incomes are negative which means the gambler is expected to lose money on the average. One interesting thing of note from a psychological aspect is that people would like to play no commission baccarat; however, in fact commission baccarat would have a higher ERP. 
Comparison of the scores of Player and Banker
There are 100 possible pairs of scores for Player and Banker. We plot all the pairs in Figure 2 using the result of 1000 rounds of simulation. In the figure, horizontal and vertical axes represent the score of the Player and the score of the Banker, respectively in addition, the bigger points stand for the higher probability of the paired scores to appear. Notice that the size of the points are almost symmetric about the diagonal. Figure 3 uses a barplot to display the paired scores. However we are usually not very interested in the score pairs but only in the final result of who wins.
Conditional probabilities
Do the previous outcomes effect the next play? We first calculate the probabilities of the outcomes under the condition of i consecutive wins for Player (i ≥ 1).
We define another group of random variables. 
The unbiased estimator of p w|i + isp
Because p w|i + is unknown, so we usep w|i
Based on the above formulas, the probabilities of the outcomes for Player under the condition of consecutive i wins are calculated. The results are shown in Table 3 , the first column presents under the condition of i consecutive wins(We use symbol i + to present i consecutive wins, and i − to present i consecutive loses.).
Usually, when betting on Player or Banker, 'Tie' plays can be omitted, Table 4 shows the simulation results with 'Tie' plays excluded.
Using the results above, we can get the 95% confidence intervals for each conditional probability. Figure 4 shows the CI plot(the probability of win and lose are calculated with 'Tie' plays excluded). Similarly, the probabilities of the outcomes for Player under the condition of consecutive i loses are shown in Table 5 and Table 6 . Figure 5 shows the 95% confidence intervals for each conditional probability(the probability of win and lose are calculated with 'Tie' plays excluded). When comparing Table 3 and Table 5 with Table 1 , we can find that the conditional probabilities are consistent with consecutive wins or loses. This implies almost independence of the game in probability. Therefore the previous outcomes have no effect to the next outcome. In theory, it is meaningless to decide which side to bet on according to the outcome sheet.
Some gamble methods
One of the most common gamble method is called the 'DoubleUp' Method: if you lose one bet you should bet twice the previous bet. For example, if you bet starting with $1 and lose, you should bet $2 in the next play, and if lose again, you should bet $4 in the next play, and so on; if you win, you bet from the starting level $1. So using this kind of method, no matter how much you had lost, as long as you win back one play, you will breakeven. It seems to be an always win method; however, it has a high risk because the bet increases so quickly and may exceed the maximum bet or you may not have enough money for the next bet.
Here are the simulations based on this method. We started with total $100, and start with initial bet $1.
Plan 1: We assume there is no maximum bet for betting, and we will not stop until the end of the round or until not enough money left to continue the game. We will always bet on Player in the simulation.
The results show that the probability of losing money in a round is about 0.4, but the expected return is $−1.786. The reason is that even the probability of earning money is relative higher than losing money, but when we win we only win a little, when we lose we will lose a lot. So only using this kind of 'skill' will not help us make money in the long run. Plan 2: All the assumptions are the same with Plan 1 except that we will stop when we have earned M amount of money. The simulation results are shown in Table 7 , the second column is the probability of losing money in a round, the third column is the expected return per round(ERR). As we may note, the probability of losing money would increase as M increases, and no matter what M is, we are always expected to lose money. However, we have more than 98% probability to win money if we just stop when we win one dollar. Maybe it suggests us a good 'gambling skill'-if you win money, just stop and walk away. Plan 3: All the assumptions are the same with Plan 2 except that we will bet on Player and Banker alternatively(if betting on the Player this play, then bet on Banker next play, let us call it the 'alternative' method). The simulation results are shown in Table 8 . Plan 4: All the assumptions are the same with Plan 2 except that we will bet on the one who wins in last play(if the Banker wins, then bet on the Banker in the next play, let us call it 'follow' method). Table 9 : Outcomes of Plan 4
The simulation results are shown in Table 9 . Compare Plan 4 with Plan 3, we note that the 'follow' method seems to be better than the 'alternative' method, because all the losing game probabilities are relatively smaller for the 'follow' method.
Stochastic Properties of the Return
Consider the results of the consecutive Baccarats. We illustrate the results by the marker as follows. A marker is placed at zero on the number line and a sequence of Baccarats is played. Suppose that the gamer bets B units to the Player. If the Player wins the game, the marker moves B units upward.
If the Banker wins the game, the marker moves B units downward. If the game ties, the marker stays at the same level. Then the height of the marker at time t denotes the amount paid to the Player after t number of runs. The positive height implies the amount paid to the Player and the negative height to the Banker. In order to define this trajectory of the marker formally, let the sequence of random variables {Z 1 , Z 2 , . . .} denote the sequence of game results, and {B 1 , B 2 , . . .} be the sequence of the corresponding bets to the defined random variables. The random variable denoting the j th game result is defined as Then S t denotes the total amount of returns for the Player after t number of runs.
In the previous section, we have shown that the game result is almost independent of the previous game results. Thus we may consider that random variables {Z 1 , Z 2 , . . .} are approximately iid. The amount of the bets {B 1 , B 2 , . . .} will be determined by the gamer. If the gamer bets b units to the Player at game t, then B t = b. If the gamer bets b units to the Banker, then B t = −b. The amount of the bet made by the gamer will be determined right before each game; however, it has been shown that there is no winning strategy in Baccarat in previous sections. Thus we assume
That is, we bet a constant amount to the Player every time. Then the series {S t } is almost identical to a simple random walk.
Note that the random walk is a typical nonstationary stochastic process. Every random walk wanders away from the origin and is never guaranteed to return to the origin. The trajectory of S t is illustrated in Figure 5 where the amount of the bet is a single unit, that is b = 1. In Figure 5 , there are 100 panels, where each panel denotes the trajectory of a single round of Baccarat and the parallel line denotes the origin 0. As is seen in the figure, there is no round where the trajectory is always up and down about the origin. However, most of the panels the general shape of the trajectory shows two types typically. One type is to keep increasing (or decreasing) until the end of the round. The other is to keep increasing (or decreasing) for a certain period of time and then keep decreasing (or increasing) until the end of the round. This is a typical behavior of the simple random walk. Let the increasing trend in a certain period of times be the Player trend, and the decreasing trend be the Banker trend, for convenience.
Considering the similarity to the random walk of the game results, we may think that a possible good strategy for the Baccarat is to catch the trend of the trajectory at each round and bet (almost) continuously to the winning trend(the Player trend or the Banker trend). As long as the game is thought to be in the middle of the Player trend, bet on the Player side. As long as the game is thought to be in the middle of the Banker trend, bet on the Banker side. Otherwise, do not bet or reduce the amount of the bet until any trend(either the Player or the Banker) is caught. However catching the trend also corresponds to one of the game of chance as is the Baccarat itself. Surprisingly, it can be easily seen that the strategy has been used by most gamers in practice, whether or not they know this stochastic properties of the game results.
Conclusions
Baccarat is a popular but simple casino game. Gamblers hope to win the game and casinos want to have an advantage over the gamblers. In any casino game, the expected return for gambler is always negative due to the pre-determined odds. Despite the odds, players want to find whether there is any rule to win the game. We tried to find some winning rules by calculating the conditional probabilities; however, the simulation results show that no winning rule exists. The only possible winning strategy is to catch the trend(either the Player or the Banker) and to bet on that side. In every casino game, there should be no winning rule, otherwise, casinos will be bankrupt. Although the probabilistic results provide nothing different from our guess, it was meaningful to verify our guess as well as to calculate the expected return per play.
